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Flybys have been utilized in interplanetary spaceflight since the 1970’s. However, despite the experience and expertise regarding their 

use, the source of anomalous tracking data for multiple spacecraft as they flew by the Earth in the 1990’s and 2000’s, known as the 

flyby anomaly, remains unknown. This paper proposes some foundational techniques of setting up planetocentric reference frames to 

analyze the relative orbital motion of celestial bodies and flyby maneuvers of spacecraft, which could better examine the source of the 

flyby anomaly. Beginning with a geometric description of two orbits in the barycentric (center of mass) reference frame of the solar 

system, we performed two transformations to create the planetocentric reference frame: translating the coordinate frame onto the 

planet in circular orbit and then setting the coordinate frame to rotate with the angular revolution of velocity of the planet about the 

center of mass. Gegenbauer polynomials along with Taylor series approximations were used extensively to simplify the equations and 

to reduce them to polar coordinates. To validate the approximations and assumptions, we used the resulting equations to calculate the 

position of Mars in the Earth’s polar coordinate planetocentric reference frame and compared it to that from the Jet Propulsion Lab’s 

(JPL) HORIZONS data, which is the same data used by the JPL for their own radar astronomy, mission planning, and spacecraft 

navigation. The results show that the approximations have sufficient accuracy to map circular and elliptical orbits in reference to a 

rotating coordinate frame centered on the orbiting body. These planetocentric equations form the foundation for future research to 

construct higher fidelity reference frames which would take corrections for relativistic effects into account. The higher fidelity 

reference frames will uncover whether matching the geocentric frame to the barycentric frame is sufficient to describe flyby 

trajectories. Furthermore, these equations would allow scientists to develop more practically-adequate approaches for calculations of 

the orbital motion of spacecraft. 

 

INTRODUCTION

The flyby anomaly refers to the unexpected frequency increase in 

post-encounter Doppler signals of some satellites, and not in 

others, as they perform flybys about the Earth (Anderson et al., 

2008, Figure 1). These signals could be interpreted as an increase 

in the orbital velocity and energy of the spacecraft during the 

flyby (Lammerzahl et al., 2005). In 2008, Anderson et al. 

confirmed that the anomalous energy changes, both positive and 

negative, were clearly present in the data gathered from the Earth 

flyby anomalies as shown in Table 1. Since they were able to 

find neither a physical cause nor a source of systematic error 

which might explain the anomaly with the software used for data 

processing, they developed an empirical predictive formula that 

would accurately fit the results of the six flybys prior to 2007. 

Equation 1, 

 
   
  

 
 

 

  

 
  (           )         ( ) 

attempts to explain the anomalous increases in velocity and 

energy,     and   , as functions of a constant, K, times the 

respective declinations,    and   , of the incoming and outgoing 

velocity vectors in terms of planetocentric latitudes. Note that 

Eq. 1 applies to hyperbolic orbits only. 

Flybys are usually analyzed in the barycentric reference 

frame of the Solar System such that the resulting equations are 

valid at any given position in space. However, in order to decide 

whether their solution is adequate for making a statement about 

the existence of the anomaly, one has to model an asymptotic 

regime approximating the approach of spacecraft to infinity 

under the assumption that all other bodies of the solar system are 

absent. In our opinion, this approximation-of-infinity has not 

been satisfactorily introduced into modeling using computer 

software. 

In order to build a correct mathematical model of the 

flyby motion of spacecraft, one needs to operate with a properly 

introduced geocentric reference frame. A properly introduced 

geocentric reference frame will accurately match the global 

barycentric reference frame based on observations of distance 

radio sources known as quasars. Moreover, the precise matching 

equates to employment of relativistic transformations of time and 

spatial coordinates. These relativistic transformations are not 

discussed in this paper but an exact theory must and could build 

upon this paper to do so. The flyby anomaly is, in our opinion, 

the result of the insufficiently accurate matching of the two 

frames and in the ambiguity of the definition of the spacecraft 

velocity at infinity. Anderson et al. (2008) assumed that very far 

away from the Earth, the velocity of the spacecraft coincides 

with the Kelplerian motion of the satellite around the Sun. 

However, the distance of “far away” is not quite defined 
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Figure 1. A planetary flyby (gravity assist maneuver) is a method of 

spacecraft navigation that uses the relative movement and gravitational 

field of a celestial body to alter the trajectory of the spacecraft thereby 

saving on-board fuel and optimizing the approach to other celestial 

bodies. Shown here is a view of the NEAR satellite’s flyby of Earth 

(Anderson et al., 2008). 

 

 

precisely in Anderson et al. (2008). This leads us to believe that a 

properly introduced geocentric reference frame matched with the 

barycentric frame, using a precise definition for “far away,” 

would lead to more a profound understanding of the origin and 

cause of the extra energy gain or loss by the spacecraft that are 

the source of the flyby anomaly controversy. 

This paper presents a preliminary approach to 

constructing the properly introduced planetocentric reference 

frames as a foundation for a more physically motivated approach 

to explain the flyby anomaly.  Though the empirical prediction 

formula in Eq. 1 fits the data points fairly well, it is not based on 

underlying gravitational theory and thus the physical nature of 

the anomaly remains hidden (Turyshev & Toth, 2008). 

Furthermore, Lammerzahl et al. (2005) showed that the 

following causes of the anomaly are unlikely: the Earth’s 

atmosphere, ocean tides, solid Earth tides, spacecraft charging, 

magnetic moments, Earth’s albedo, solar wind, coupling of the 

Earth’s spin with rotation of the radio wave, and Earth’s gravity. 

Therefore, the question remains whether the anomaly is the result 

of erroneous data acquisition and analysis. Our approach is based 

on existing gravitational physics with the intent to answer that 

question. 

 

Though celestial velocity anomalies on the order of 13 

mm/s may seem trivial, they are significant inconsistencies that 

underscore a gap in the current models for orbiting spacecraft. 

Precise calculation of a spacecraft’s orbital motion is critical to 

development of flight architectures for satellite motion and stable 

orbits. This knowledge is essential for global positioning 

systems, satellite communications, and general spacecraft travel. 

All U.S. government agencies and commercial corporations who 

require accurate knowledge of a spacecraft’s trajectory will 

benefit from refinement of these models and treatments. 

 

 

METHODS 

Developing planetocentric reference frames derived from the 

physics equations of gravitational orbital mechanics begins with 

the construction of the barycentric (center of mass) reference 

frames. Figure 2 illustrates the translation from the barycentric 

reference frame, XB-YB, at the center of mass of the solar system 

(Figure 2a) to the center of mass of an orbiting body (Figure 2b). 

The resulting reference frame, XPB-YPB, is then transformed to 

rotate at the same angular orbital speed as the orbiting object 

with respect to the center of mass (Figure 2c) creating the 

planetocentric reference frame, XP-YP.  

The trajectories have been reduced to planar motion in a 

2-dimensional plane so that the analytical methods can be 

applied before increasing the complexity of the equations. 2-

dimensional motion of independent space objects can be 

described by the combination of Euclidian geometry and 

Kepler’s laws of planetary motion. Figure 3 shows the general 

scenario of two bodies, observer and target, in circular orbit 

about a primary body. The primary body is assumed to be 

centered upon the center of mass of the system while the target 

body is the object of interest to the observer at the center of mass 

of the observing body. For conceptual understanding of the 

Primary-Observer-Target system, readers can think of this 

grouping as a Sun-Earth-Mars system. rO denotes the radius of 

the observer’s orbit about the primary body and rT denotes the 

radius of the orbit of the target body. We shall consider the case 

when rO is larger than rT for the sake of simplicity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure  2 Transforming the barycentric coordinate frame to a rotational 

planetocentric frame: a. Barycentric reference frame of the center of mass 

of the system with an orbiting body. b. Translation of the origin of the 

barycentric frame from the center of mass of the system to the orbiting 

body. c. Rotating coordinate frame in sync with the orbital revolution of 

the orbiting body about the center of mass of the system. 
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Approximation of Observer-Target Range,                

The Cartesian planetocentric reference frame, XP-YP  is 

reformulated in terms of polar coordinates    and  , which are 

related to XP and YP as follows.  

                                                              ( ) 

 Through inspection of Figure 3 it can be seen that there is a 

triangle formed by the three orbiting objects of which   is a leg. 

From the law of cosines,   can be expressed as a function of 

       and  . 

  

  
  

  
 

  
     

  
  
                                                  ( ) 

 

To simplify Eq. 3, we introduced a new notation, 

  
  
  
                                                                                  ( ) 

Then Eq. 3 can be recast as follows, 

    √          
                                              ( ) 

 

Informed by Kopeikin et al. (2011), Equation 5 resembles the 

generating function for Gegenbauer polynomials,   
 ( ), defined 

as,  
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The generating function, Eq. 6, taken for     
 

 
 and         

(Figure 3), transforms Eq. 5 into an infinite series 
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Approximation of Observer-Target Angle,   

The next step in our procedure is to find out a relationship 

between the angle   and the polar angle  . Applying the law of 

sines to the triangle (Figure 3) results in,  

     
  
  
                                                                ( ) 

 

After replacing   with the help of Eq. 5, we obtain, 

     
    

√           
                                    ( ) 

Using the sine-cosine identity also yields, 

     
      

√           
                                      (  ) 

 

We assume now that the parameter z << 1. Under this 

assumption, the angles   and   are related by the following 

equation, 

 

                                                                       (  ) 
 

where    . 

 

The introduction of    assumes that the value of   is a 

permutation of  . Rearranging Eq. 11 to isolate    gives, 

 

                                                                     (  ) 
 

Taking the sine and cosine of    in Eq. 12, 

 

Figure 3 Parameterization of two orbiting bodies about the center of 

mass of their system in the barycentric reference frame (XB-YB) and 

planetocentric reference frame (XP-YP). In this paper, the generalized 

system will contain an observer (the location from which measurements 

will be made), the target body (the body of interest to the observer), and 

the primary body about which both the observer and target bodies rotate. 

 

 

 

 Satellite Date of Flyby    (mm/s) 

Galileo-I 12/8/1990 3.92 

Galileo-II 12/8/1992 -4.6 

NEAR 1/23/1998 13.46 

Cassini 8/18/1999 -2 

Rosetta 3/4/2005 1.8 

Messenger 8/2/2005 0.02 

 
Table 1. The maximum error of the measuring techniques for calculating 

the spacecraft velocity relative to expected velocity,    , is 1 mm/s 

(Anderson et al., 2008). The discrepancy between measured and predicted 

has yet to be explained. 
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         (    )                                     (  ) 
 

         (    )                                     (  ) 
 

and expanding through the angle transformation formulas, results 

in, 
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Inserting Eq. 9 and 10 into Eq. 15-16 produces, 
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which can be simplified into, 
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Defining the tangent of   , 

 

      
     

     
                                             (  ) 

 

we then substitute Eq. 19 and 20 into the definition given by Eq. 

21 that yields an equation for    as a function of known 

parameter z and known argument  ,   

 

      
      

       
                                 (  ) 

 

We are interested in the analytical approximation of Eq. 22 with 

respect to the small parameter z. To this end, we expand both 

sides of Eq. 22 using Taylor series expansion continuing the 

assumption that         and     . Performing a third 

order Taylor series expansion on the left-hand side (LHS), the 

tangent function, in Eq. 22 results in, 

 

   (  )      
 

 
(  )                      (  ) 

 

Given that the Taylor expansion for the infinite geometric series 

is, 

 

   
  ∑  

 

   

          | |                             (  ) 

 

we recast Eq. 23 as, 

 

       
  ∑(     ) 

 

   

                            (  ) 

because the assumptions bound the product of z and cosine of   

to,  

|     |                                                          (  ) 

Based on Eqs. 25 and 26, we take the Taylor series expansion of 

the right-hand side (RHS) of Eq. 22 to be, 

      

       
       ∑(     ) 

 

   

                (  ) 

Therefore, the third order expansion of the RHS of Eq. 22 is, 

      

       
        (               

        )                                        (  ) 
 

Combining the first, second, and third order expansions given by 

Eq. 23 and 28, we obtain the equations for successive iterations 

to find out the approximate values of     for different order of 

the small parameter z. 
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These equations are used in order to calculate the angle    with 

increasing accuracy. To explicitly define     we notice that the 

LHS of Eq. 31 can be approximated as follows, 
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                   (  ) 

 

Substituting the definition of     in Eq. 29 into Eq. 32 yields, 
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(      )                 (  ) 

 

Making use of this equation in Eq. 31 and solving for    , gives, 
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From the following double and triple angle formulas, 

 

                                                                         (  ) 
 

                                                           (  ) 
 

the first, second, and third order approximations of    are 

simplified to, 
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Equations 36-38 suggests an exact expression for the angle   ,  
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                                            (  ) 

 

This equation is definitely true to N = 1, 2, 3. We can use the 

method of mathematical induction to prove that Eq. 39 is valid 

for any value of N up to infinity. Therefore   can be redefined 

from Eq. 10 into a function of known parameters and arguments, 

  and   . 
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Numerical Simulation of Planetocentric Reference Frame 

To validate Eqs. 7 and 40 as sufficient foundational 

approximations for the polar coordinates,   and  , of 

planetocentric reference frame (XP-YP), we compared these 

approximations of the angle and distance to the Mars with 

respect to the Earth to data from the publically available Jet 

Propulsion Laboratory HORIZONS (Version 3.75) on-line solar 

system data and ephemeris computation service (Giorgini et al., 

1996). The astronomical ephemeris or ephemerides are tables of 

astronomical data which provide precise values of the positions 

of celestial objects at almost any given time. HORIZONS 

provides extremely accurate solar system data which is “suitable 

for observers, mission planners and other researchers” as “the 

underlying planet/satellite ephemerides and small body 

osculating elements are the same ones used at JPL for radar 

astronomy, mission planning, and spacecraft navigation” 

(Giorgini et al., 1996). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Although the Earth-Mars system is notably different 

from the satellite flybys which gave rise to the flyby anomaly, we 

concentrate on the Mars and the Earth because the ephemeris of 

the major bodies in the solar system represents one of the best-

known dynamical systems and contains some of the most 

accurate measurements ever made (Standish & Fienga, 2002). 

Therefore, in the interest of understanding our approximations, 

we can presume that deviations in the approximations of    

and   from the HORIZONS data is representative of errors in the 

approximation not as a result of the uncertainty in the data. If the 

first validation of the approximations was with respect to the 

flyby anomalies, it would be difficult to know whether the error 

was in our approximations or in the anomalous data.  

HORIZONS can generate values of   and   necessary 

for this validation study by selecting the settings for an observer 

location of “Geocentric” which refers to the center of the Earth 

and target body of Mars (see Figure 4). rO is generated by setting 

HORIZONS to calculate the observer range (quantity 20) with 

the observer set as the Earth and the target as the Sun (see Figure 

5). The visualization and comparison of the HORIZONS values 

shown in Table 2 to the approximations for   and   were carried 

out in MATLAB using the outline shown in Fig. 6. To generate 

the coefficients of the Gegenbauer polynomials within the 

algorithm, the following recursion formula is necessary (Van 

Assche et al., 2000).  

  
 ( )  

  (     )    
 ( )

 

 
(      )    

 ( )

 
                (  ) 

 

 

 

Figure 5. HORIZONS current settings used to generate data sets of 

rO. 

 

 

 

Figure 4. HORIZONS current settings used to generate data sets of 

 ,  ,  , and rT. 
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RESULTS 

Figure 7 presents the planetocentric coordinates for Mars from 

the center of Earth from Jan. 1, 2009 to Jan. 1, 2013, which form 

the model shown in Eq. 42. This time frame for evaluation 

captures one full Earth-Mars synodic period (2.14 years or 782 

days) which is the time it takes for an object to reappear at the 

same point in relation to two or more other objects (Byrnes et al., 

2002). For further understanding of synodic period, when 

looking at Fig. 3, the synodic period is the time it takes between 

successive conjunctions of Earth and Mars aligning with the 

fixed XB axis. The qualitative fit shown in Fig. 7 is quantified in 

Fig. 8 which displays the deviations from the HORIZONS values 

for   and   over the same time period in which the 

approximations for each parameter utilized 100 summation 

terms. The two, likely unfamiliar, astronomical units of measure 

introduced in Fig. 7 and 8 are astronomical units (A.U.) and 

arcseconds. The A.U. is a standard measure of distance defined 

as the mean-radius of Earth’s orbit about the Sun, and a common 

unit of measure of distances within the Solar System – 1 A.U. is 

approximately 150 million kilometers (149,597,870.691 km, 

Giorgini et al., 1996). The arcsecond is a unit of angular 

measurement equivalent to one three thousand and six-hundredth 

(1/3600) of one degree where 360
o
 is one full rotation. 

Arcseconds are used to describe the size of an object as it appears 

to the observer based on the actual physical size of the object and 

its distance from the observer. For reference, the Sun, as seen 

from the surface of the Earth, has an angular diameter of 0.55 

degrees. 
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Variable HORIZONS 

Quantity 

Quantity Title Quantity 

Description 

  20 Observer range 

and range rate 

The target body’s 

apparent range 

relative to the 
observer. 

  23 Sun-Observer-

Target angle 

The target body’s 

apparent solar 
elongation seen 

from the observer 

location. 

  26 Observer-

Primary-Target 

angle 

The apparent 

angle between a 

target body, its 
primary’s center 

and an observer. 

rt 19 Helio range and 

range rate 

The heliocentric 

range of the target 
center. 

ro 20 Observer range 
and range rate 

The target body’s 
apparent range 

relative to the 

observer. 

 

 

 

Figure  6. MATLAB pseudocode for the calculation of the 

approximations of   and   and the error of approximation with 

respect to the HORIZONS data. 

 

Figure 7 Approximations of    and   , with n = 100, in dashed 

lines, overlaid on the values generated by HORIZONS in solid 

lines. 

 

Table 2. HORIZONS current settings variables used for validation of the 

planetocentric reference frame calculations of angle and distance from Earth 

to Mars 
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DISCUSSION 

The results show that mathematical techniques including 

Euclidian geometry, Taylor series approximations, Gegenbauer 

polynomials, and mathematical induction, can be used to 

construct planar planetocentric reference frames with sufficient 

qualitative and quantitative accuracy to map circular orbits. The 

maximum absolute error of the model of the planetocentric 

coordinates of Mars with 4,000 km and 30 arcseconds, shown in 

Fig. 8, is too high for modern deep-space navigation. However, 

to provide some perspective on these errors we can compare 

these errors to the mean diameter and maximum angular 

diameter of Mars, 6779.8 km and 17.9 arcseconds (Giorgini et 

al., 1996). Therefore, the maximum error in our distance to Mars 

is less than the actual diameter of the planet and the error in the 

approximation of the angular coordinate was on the same order 

of magnitude as the angular diameter of the planet. 

The equations used for the numerical simulations were 

not derived to find a final solution for the flyby anomaly but to 

develop an appropriate approach for constructing planetocentric 

reference frames which we believe must be implemented to 

identify the source of the anomaly. For this reason, the accuracy 

and convergent nature of our model supports our hypothesis that 

these planetocentric reference frames can be utilized to model the 

trajectory of a celestial body. The error in the model will be 

improved in future work where the orbits will be modeled with 

the full account of JPL’s software and database. 
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Figure 8. Absolute error of the approximations of ρ and φ, with n 

= 100, as compared to the HORIZONS values. 

 

 


