
JYI | October 2016 | Vol. 31 Issue 4
© Tellander, Ulander, Yakimenko, Berggren 2016 1

A R T I C L E      RESEARCHJournal of Young Investigators

realization of quantum structures since they are easier to handle. 
Optical and laser cavities have recently been used for studying 
the concept of space-time reflection symmetry (Brandstetter et 
al., 2013; Liertzer et al., 2012) developed by Bender, Boettcher 
and Meisinger (Bender & Boettcher, 1998; Bender, Boettcher, & 
Meisinger, 1999) as an extension of Hermitian quantum mechan-
ics. Acoustic and microwave cavities have been used to study 
exceptional points (Dembowski, et al., 2001; Ding, Ma, Xiao, 
Zhang, & Chan, 2016) which are points where the eigenvalues of 
two states are equal and their corresponding eigenvectors just dif-
fer by a phase (Rotter, 2009). Microwave cavities have also been 
important in the development of quantum chaos (Sadreev & Berg-
gren, 2005; Stöckmann, 1999); the study of quantum systems that 
in the classical limit is chaotic i.e. a change in the initial conditions 
leads to exponential divergence of the trajectories in phase space.

Earlier studies, especially of quantum structures, have focused 
on two-dimensional fields because they are easier to study experi-
mentally. However, a more realistic theoretical model would need 
to take all three dimensions into account (Ferry, Goodnick, & Bird, 
2009). In this paper, we model three-dimensional quantum bil-
liards with different boundary conditions and study the structure of 
the probability current for states of different excitations. Because 
different boundary conditions in the modeling were employed, the 
results are also applicable to the other wave analogues. The prob-
ability current is a three-dimensional vector field, which is diffi-
cult to visualize. Therefore, we also study the nodal surfaces and 
nodal lines. Nodal surfaces are surfaces where either the real or the 
imaginary part of the wave function is zero and the nodal lines are 
the intersection between the nodal surfaces (i.e., where both the 
real and imaginary parts are zero). The current will create vortices 
around these lines (Dirac, 1931; Wyatt, 2005). If the distribution 
of vortices is known, the overall structure of the current is known. 
The appearance and location of vortices have been directly con-
nected to minima in the conductance i.e. the transmission through 

INTRODUCTION
Mapping and understanding the structure of wave fields and cur-
rents is relevant to a variety of structures such as quantum struc-
tures, optical and acoustic cavities, microwave billiards and 
water waves in a tank (Berggren & Ljung, 2009; Berggren, Ya-
kimenko, & Hakanen, 2010; Blümel, Davidson, Reinhardt, Lin, 
& Sharnoff, 1992; Stöckmann , 1999; Chen, Liu, Su, Lu, Chen, & 
Huang, 2007; Ohlin & Berggren, 2016; Panda & Hazra, 2014). 
Here, cavities and billiards stand for systems with hard walls such 
that a particle or a wave only scatter from the walls and there is 
no scattering within the system. Acoustic cavities are metal en-
closed cavities where a microphone is used to emit the waves. The 
underlying physics of all these systems is seemingly different. 
For example, in acoustic cavities, the waves are pressure differ-
ences in the air. In quantum cavities, the waves are the particles 
themselves. Nevertheless, the wave nature of these phenomena is 
often equivalent because it is governed by the Helmholtz equa-
tion (Stöckmann, 1999). Although there has been much prog-
ress within the fabrication of heterostructures, where quantum 
mechanical phenomena can be directly observed and measured, 
they are still difficult to manipulate. The different wave ana-
logues are therefore important supplements for the experimental 
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From [Eq. (6)] and [Eq. (3)], one obtains the following expression 
for the probability current:
      
                     (7)

This expression is evaluated numerically by a finite-difference ap-
proximation of the gradients. We choose units such that ℏ⁄(2m=1).

Visualization
The Fourier series in [Eq. (5)] with sine and/or cosine terms can 
express the solution for different boundary conditions. From this 
expression, the nodal surfaces are easily found by standard rou-
tines (iso-surface) in MATLAB (MATLAB, 2012). Because of the 
simplicity of calculating the nodal surfaces, we will mostly visu-
alize them throughout this work. Finding the nodal lines, which 
are more directly connected to the current, is a much more diffi-
cult problem. However, it is analytically solvable for some simple 
cases. One of the easiest cases arises when the Fourier series only 
contains two terms, one real and one imaginary, such that one of 
the terms contains two trigonometric factors in the ground state 
and only one excited factor and vice versa for the other term. That 
means, for the case with Dirichlet boundary condition, that two of 
the numbers (say n and l) is equal to one while m>1, and n,l>1 and 
m=1 for the other, i.e.,
                      (8)

With Neumann boundary condition all the numbers are decreased 
by one. This case is solvable because the nodal surfaces will be 
orthogonal sheets with straight orthogonal intersections (Figures 1 
and 2). The position of these lines can be found directly by read-
ing the wave function. For more complicated cases the nodal lines 
can be found by an algorithm presented by Ljung and Ynnerman 
(2003). To obtain a clearer picture of the structure of the nodal 
surfaces, we 3D-printed the surfaces for a chaotic wave function.

Figure 1. Nodal lines and probability current for [Eq. (9)]. Nodal lines 
and a part of the probability current for the state in [Eq. (9)].

two-dimensional quantum structures (Lundberg, Sjöqvist, & Berg-
gren, 1998) and the vortex distribution can be used to determine 
whether a system is chaotic (Saichev, Berggren, & Sadreev, 2001).

METHODS
Calculations
To map the probability current, a quasi-analytic method based on 
separation of variables and the finite difference method (FDM) is 
used. The ordinary time-dependent Schrödinger equation (Merz-
bacher, 1998) for the wave function Ψ(r,t) is

                     (1)

Since the potential function V(r) does not depend time, we may 
write the wave function as
       (2)

where E is the energy of the state and ψ(r) satisfies the time-inde-
pendent Schrödinger equation
       
       (3)

We now introduce the coefficient k=√2mE/ℏ and use the model of 
a particle in a box, where V=0 inside the box and is infinite outside. 
[Eq. (3)] can now be written as the Helmholtz equation:
  
     
The solutions can be expressed as Fourier series. Depending on the 
boundary conditions, the series will contain sine, cosine or both. 
For example, a box with side lengths a,b and c, all with Dirichlet 
boundary condition (i.e., ψ=0 on the boundaries), has the series

       (5) 
       
where the square root is due to normalization and Cnlm ϵC are Fou-
rier coefficients. If the boundary condition is changed to Neumann 
in one direction (i.e., instead of putting the wave function to zero at 
the boundaries in this direction, we set the derivative of the wave 
function to zero) the sine factor in this direction is changed to co-
sine.

Conservation of electrical charge entails that if the amount of 
charge in a system is changed there must exist a current respon-
sible for this change. Similarly, probability current is obtained due 
to the conservation of probability; if the probability density of the 
system is changed there must exist a probability current mediating 
this change. For both probability and charge, the continuity equa-
tion reads,       

       (6)

where ρ=ψψ* is the density function and j is the current vector. 
Note that both ρ and j are time-independent because of [Eq. (2)]. 

(4)
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(x, bn⁄4, c⁄2) with n=1,2,3 and similarly in the y-direction. The current 
propagates in vortices around these lines (Figure 3B-D).

(A)             (B)

(C)            (D)

We choose the mixed boundary condition such that it is Dirich-
let in the x- and y-directions and Neumann in the z-direction. This 
state is given by

                  (11)
and the nodal surfaces and current are shown in (Figure 4A-D).

To represent the structure of higher order states, we visualize 
three states with higher excitations (Figure 5A-C). 
These states are given by [Eq. (12)], [Eq. (13)] and [Eq. (14)] respec-
tively and each has one of the studied boundary conditions. 
The state given by

                  (12)
is with Neumann boundary condition and

                  (13)

is with Dirichlet boundary condition. The last state is with mixed con-
ditions.
                   (14)

Using more terms in the linear combination the surfaces becomes 
more complex. For example:
                   
                    (15)

For this state, the nodal surfaces are visualized both as animated 
figures and 3D-printed models (Figure 6A-D).

RESULTS
Neumann Boundary Condition
We begin with a state under Neumann boundary condition

                    (9)

This represents one of the cases previously mentioned in which 
the nodal lines can be found directly because of the simple struc-
ture of the nodal surfaces (Figure 1A). There are six nodal lines 
to this state: three in the x-direction and three in the y-direction 
(Figure 2). The nodal lines in the x-direction are parameterized by
(x, b(1+2n)⁄6, c⁄2) where n=0,1,2. The nodal lines in the y-direc-
tion are parameterized similarly. Vortices are observed around 
these lines (Figure 2B-D).

(A)    (B)

(C)    (D)
Figure 2. Nodal surfaces and probability current for [Eq. (9)]. (A) 
Nodal surfaces for the state in [Eq. (9)] with Neumann boundary condi-
tion are shown. The horizontal plane is for the real part and the vertical 
are for the imaginary. (B-D) Probability current viewed from three differ-
ent directions where the x-, y-, and z-axes show the spatial dimensions 
of the box.

Dirichlet and Mixed Boundary Conditions
Here we study states corresponding to the same state of excitation 
as the state in [Eq. (9)] but now with Dirichlet and mixed bound-
ary condition. The corresponding state with Dirichlet boundary 
condition is

                  (10) 
      
Note that because of the boundary condition, the wave function is 
zero on every side of the box. For the sake of visualization, these 
parts of the nodal surfaces have been removed (Figure 3A). The 
nodal lines for this state in the x-direction are parameterized by 

Figure 3. Nodal surfaces and probability current for [Eq. (10)]. (A) Nodal 
surfaces for the state in [Eq. (10)] with Dirichlet boundary condition. (B-D) 
Obtained probability current is viewed from three different directions.
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(A)            (B)

(C)             (D)

Figure 6. Simulated and 3D printed complex nodal surfaces.  Nodal 
surfaces for the state in [Eq. (15)] are shown. (A) is the real part and (B) 
is the imaginary part. (C-D) 3D-printed versions of the same surfaces are 
displayed.

Particle Separation
We simulate particle separation in an acoustic cavity for which the 
appropriate boundary condition is Neumann (Morse, 1948). To do 
the simulation, a very simple state with only one nodal line (Figure 
7A) is employed
                
                    (16)

We now place two particles with mass ratio 1:10 at the top of the box 
near the nodal line. They are affected both by the gravitational force 
and a pressure force obtained by the current. The trajectories of the 
two particles are clearly different (Figure 7B). The heavy particle 
is much less affected by the current. Thus, in a scenario with many 
particles, the heavy particles would be found near the center of the 
box while the lighter particles would be located at the boundaries.

DISCUSSION AND CONCLUSION
The main objective of this work was to map the three-dimensional 
structure of probability currents and nodal surfaces in box cavities. 
By using different boundary conditions, the results obtained here 
are not only relevant for quantum cavities but also for microwave 
and acoustic cavities. A chaotic state was visualized by 3D printing. 
We suggest that these currents can be used for particle separation in 
acoustic cavities. 

(A)    (B)

(C)                 (D)

Figure 4. Nodal surfaces and probability current for [Eq. (11)]. (A) 
Nodal surfaces for the state in [Eq. (11)] with Dirichlet boundary condi-
tion are displayed. (B-D) Obtained probability current is viewed from 
three different directions.

(A)              (B)

              (C)

Figure 5. Different examples of nodal surfaces. Nodal surfaces for the 
states in (A) Equation (12), (B) Equation (13) and (C) Equation (14) are 
shown. For this simple case with only two terms in the Fourier series, the 
higher excitation in a direction is observed as more sheets in that direction.
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cases when Neumann seems like the natural boundary condition 
(Lee & Reichl, 2010).

We simulated particle separation in an acoustic cavity and ob-
served a clear separation of particles with mass ratio 1:10. How-
ever, the current model is only conceptual and in need of improve-
ments. Future research should take into account the shape and 
spin of the particles. One should also consider that the particles 
are present in the cavity and hence affect the structure of the cur-
rent. These observations should be included in the Navier-Stokes 
equations and thus a fluid dynamic description of the system is 
obtained.
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