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bµ, cµv, … for each particle species. These may be thought of as vec-
tors and tensors that are nonzero even in a vacuum. An experiment 
that is, in some sense, aligned with one of these may give different 
results from an experiment that is not aligned, and therefore the 
existence of these vectors and tensors violates Lorentz symmetry. 

We focus in this work on the cµv tensor for electrons, which 
perturbs the electron’s energy-momentum dispersion relation 
away from its conventional expression. The perturbed dispersion 
relation implies, in turn, that an electron’s kinetic energy will de-
pend on its direction of travel and speed; for example, in a suit-
able limit, the kinetic energy of a free electron with velocity   is 
given by                         , where c represents the matrix of cjk. This 
orientation dependence constitutes a violation of Lorentz symme-
try. Detailed formulas for these perturbations are cumbersome and 
beyond the scope of this paper, but may be found in the literature 
(Colladay & Kostelecky, 2001). 

Some experimental signals involve only a single SME coeffi-
cient; however, most involve linear combinations of multiple coef-
ficients. When there are enough linearly independent combinations 
of coefficients that have been bounded, we may extract bounds 
on the individual coefficients that appear. In this work, we derive 
a method for extracting such bounds and apply it to the cµv coef-
ficients that are associated with electrons.

METHODS
We use two methods to untangle bounds on SME coefficients. The 
first is mostly graphical while the second uses standard statistical 
results and some index notation. Each method has its own strengths 
and weaknesses. The first is transparent for simple cases but dif-
ficult to visualize in higher dimensions. In some situations, it may 
not yield the strongest applicable bounds. The second is less trans-
parent but easily extends to higher dimensions. Moreover, slight 
variations may be used for different sets of statistical assumptions.

Method 1: Graphical 
The first method we use is best described with a simple example. 
An experiment (Hohensee et al., 2013) using dysprosium spec-
troscopy yielded the following pair of bounds involving electron-
associated coefficients cXY  and cYZ:

INTRODUCTION
A physical theory is Lorentz symmetric if it predicts that all inertial 
reference frames are physically equivalent. That is, the theory pre-
dicts that results of an experiment performed in one inertial frame 
will be identical to results performed in another inertial frame that 
has different orientation or velocity. This is a key principle behind 
the theory of special relativity, and hence lies at the root of all 
modern physical theories. However, it is possible that this princi-
ple could be broken in a theory that operates at a more fundamental 
scale (Kostelecky & Samuel, 1989). Over the last several decades 
there have been a tremendous number of experiments performed to 
test the validity of Lorentz symmetry (Kostelecky & Russell, Data 
Tables for Lorentz and CPT Violation, 2011). All experiments to 
date indicate that Lorentz symmetry is perfect; bounds on differ-
ent potential violations range from parts per 102 to parts per 1033. 
Nevertheless, due to its foundational role in modern physics and 
potential sensitivity to physics beyond the standard model, it is 
important to test Lorentz symmetry with as much precision as pos-
sible.

For the sake of comparing different experimental signals, it is 
useful to have a general theoretical framework that allows for Lo-
rentz symmetry to be violated. The SME (Colladay & Kostelecky, 
1997; Colladay & Kostelecky, 1998; Kostelecky, 2004) is an effec-
tive quantum field theory that preserves observer Lorentz symme-
try while allowing general violation of particle Lorentz symmetry 
(Tasson, 2016). The types of Lorentz violation that could arise are 
parametrized in the SME action by sets of coefficients such as aµ, 
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Note that each of these is consistent with zero, indicating that these 
are constraints on Lorentz violation rather than observation of it. 
It is convenient to introduce shorter names for the relevant parts of 
these coefficients, a:= 1017cXY and b:= 1017cYZ , in terms of which 
the experimental bounds are

Our goal is to determine the bounds on a and b that are implied by 
this pair of equations, and hence obtain clean bounds on the origi-
nal coefficients cXY and cYZ .

Equations (2) may be expressed graphically as in Figure 1. 
The grey parallelogram represents the values allowed by Eq. (2) 
with borders given by the uncertainties. The dashed lines represent 
the best measurement results, i.e., the results with uncertainties set 
to zero. (Note that the a and b axes are not drawn with the same 
scale.)

Figure 2 shows the same graph but with different labels to 
highlight different aspects. The small heavy square and its pro-
jections onto the a and b axes represent the best values of those 
variables, < a > and < b >. The heavy circles and their projections 
represent the uncertainty range of each variable, a=< a >±∂a and 
b=< b>±∂b.

We can use linear algebra to calculate each of these values 
numerically. First, write the bounds in the form

where matrix                        . There are two “±” signs in this ex-
pression, indicating that it represents 4 similar expressions, each of 
which defines one of the corners of the parallelogram in Figure 2. 
For example, point A corresponds to choosing a “+” sign in each 
place. Then the parallelogram corners are found with the matrix 
inverse:  

Corner A corresponds to the choice of both “+” signs while corner 
C corresponds to the choice of both “-” signs:

Similarly, corners B and D correspond to choices of signs that are 
not the same: 

Figure 1. Current bounds on linear combinations of coefficients a and 
b. The grey parallelogram represents the values allowed by Eq. (2) with 
borders given by the uncertainties. The dashed lines represent the best 
measurement results, i.e., the results with uncertainties set to zero. (Note 
that the a and b axes are not drawn with the same scale.)

Finally, the best values < a > and < b >, can be found by evaluat-
ing Eq. (4) but with uncertainties set to zero:

The bound on a is determined by corners A and C only; corners B 
and D are irrelevant, as can be seen from the diagram. Similarly, 
the bound on b  is determined by corners B and D only. Combining 
Eqs. (5), (6), and (7) then gives a = 0.7 ± 5.0 and b = 3.1 ± 7.5, 
from which we can immediately write down the untangled bounds 
on the original SME coefficients:

This procedure may be extended to a greater number, n ≥ 3, of 
tangled bounds involving a more SME coefficients, provided the 
number of linearly independent bounds is the same as the number 
of coefficients that appear. Unfortunately, it soon becomes diffi-
cult to visualize --- the analogous diagram to Fig. 1 involves an 
n-dimensional parallelotope (Coxeter, 1973). Nevertheless, the 
schemes of finding corners using matrix inversion may be applied. 

For example, an experiment (Pruttivarasin, et al., 2015) with 
trapped calcium ions yielded a set of four bounds on four linearly 
independent combinations of four SME electron-associated coef-
ficients:

These bounds define a 4-dimensional parallelotope with 16 verti-
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for the best measurement values. The Method 1 process also yields  
the formulas

for maximal possible uncertainties. As an example, consider again 
the set of bounds from dysprosium spectroscopy discussed first in 
Method 1. There are n = 2 SME coefficients:                   .  

The linear combinations of these that are directly measured are  

     , corresponding to matrix M =                  .

The bounds themselves are         . Using 

the matrix inverse M-1 =              , we get the best values

   and maximum uncertainties     

        . 

In the opposite situation, we may know that the experimental 
measures of rj  are uncorrelated with each other. In that case, we 
may apply the “adding in quadrature” formula for propagation of 
statistically independent random uncertainty (Taylor, 1996), 

Figure 2. The same graph as Figure 1 but with different labels to high-
light different aspects. The small heavy square and its projections onto 
the a and b axes represent the best values of those variables, < a > and < b 
>. The heavy circles and their projections represent the uncertainty range 
of each variable, a = < a > ± ∂a and b = < b > ± ∂b.

ces. The center of the parallelotope corresponds to the best values  
< cX-Y >, etc., of the SME coefficients, and can be calculated by 
inverting the matrix above and setting the uncertainties each to be 
zero. Each of the 16 vertices corresponds to a set of choices for the 
four “±” signs that appear. The most difficult part of this analysis is 
determining which vertices are most relevant for which SME coef-
ficients. Alternately, we may assume that each vertex is relevant 
in turn, and then select the largest constraints among the vertices 
for each coefficient. In either case, the method is straightforward 
if tedious.
Method 2: Formulas with Index Notation
As noted above, the graphical method is unwieldy whenever there 
are more than two SME coefficients involved. For these situations, 
we can use formulas from standard statistical analysis to determine 
constraints (Taylor, 1996). 

Furthermore, Method 1 yields uncertainty values that may or 
may not be appropriate for a given situation. They are the uncer-
tainties that would appear if the original measurements were corre-
lated in such a way that the uncertainty in one measurement always 
enhances the uncertainties in other measurements. We remind the 
reader that uncertainties do not represent absolute limits; rather, 
they represent the range of likely measurement results.  These 
ideas can be seen working together, for example, in Figure 2, the 
grey parallelogram represents the range of likely measurements, 
and the corners A and C that we used to estimate uncertainty in a 
are at the extremes of the parallelogram. Measurements of a are 
more likely to lie in a somewhat smaller region unless the original 
measurements have a special correlation. The results of Method 1, 
therefore, represent a sort of maximum possible uncertainty that 
could pertain. These are appropriate as conservative estimates if 
correlations between measurements are not well known. 

However, there may be situations in which we can assume that 
the individual tangled bounds are statistically independent from 
each other. In such cases, tighter uncertainties are appropriate, and 
we should use the error-propagation method of “adding in quadra-
ture” (Taylor, 1996). 

Calculations reflecting these issues are best described with 
general variables for the tangled and untangled bounds. Let {qi} 
denote a set of n SME coefficients that appear in a set of bounds. 
Our goal is to write each of these in the form qj =< qj > ± ∂qj, 
where < qj > is the best measurement value of qj and ∂qj is the 
uncertainty in qj. Meanwhile, each experimental result is written in 
the form rj= <rj > ± ∂rj where {rj} denote the linear combinations 
of the qj. This means that there is a matrix M such that each rj =               
                 . Combining all this notation, we may write the set of me-

asured bounds in the form 

for j = 1,..., n. We can invert matrix M if there are n linearly inde-
pendent bounds. This yields the expressions
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Table 1. Untangled bounds to electron-associated c coefficients. The tilde coefficients are linear combinations of the base coefficients, and are de-
fined in Table P41 of the Data Tables (Kolselecky & Russell, 2011). 

Standard-Model 
Extension Tilde 

Coefficient

Standard-Model 
Extension Coef-

ficient

Result with Max 
Uncertainty

Result with Quadra-
ture Uncertainty

System Reference

~c_ / m cX-Y (-2 ± 43) x 10-19 (-2 ± 23) x 10-19 Trapped Ca ions (Pruttivarasin et al., 2015)
~cZ / (2m) cXY (-8 ± 23) x 10-19 (-8 ±12) x 10-19 Trapped Ca ions (Pruttivarasin et al., 2015)
~cY / (2m) cXZ (-3 ± 13) x 10-19 (-3 ± 8) x 10-19 Trapped Ca ions (Pruttivarasin et al., 2015)
~cX / (2m) cYZ (-2 ± 12) x 10-19 (-2 ± 7) x 10-19 Trapped Ca ions (Pruttivarasin et al., 2015)

~c_ / m cX-Y (3 ± 7) x 10-17 (3 ± 6) x 10-17 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

~cY / (2m) cXZ (9 ± 12) x 10-17 (9 ± 11) x 10-17 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

~cZ / (2m) cXY (0.7 ± 5) x 10-17 (0.7 ± 4) x 10-17 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

~cX / (2m) cYZ (3 ± 8) x 10-17 (3 ± 7) x 10-17 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

~cTX / (2m) cTX (6 ± 11) x 10-15 (6 ± 8) x 10-15 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

~cTY / (2m) cTY (-8 ± 8) x 10-13 (-8 ± 8) x 10-13 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

~cTZ / (2m) cTZ (19 ± 18) x 10-13 (19 ±17) x 10-13 Dysprosium 
spectroscopy

(Hohensee et al., 2013)

In the special case of the example above, this gives slightly tighter 
uncertainties

RESULTS AND DISCUSSION
These methods may be applied to the four clusters of tangled 
bounds that appear in Table D6 of the Data Tables for Lorentz 
violation (Kostelecky & Russell, 2011). One cluster comes from 
study of trapped calcium ions (Pruttivarasin et al., 2015) and the 
other three come from an experiment involving dysprosium spec-
troscopy (Hohensee et al., 2013). 

All the resulting untangled bounds are listed in Table 1. They 
are grouped according to the cluster of bounds from which they 
originate. In addition to the base SME coefficients, we express 
each bound in terms of the tilde coefficients (Bluhm, Kostelecky, 
Lane, & Russell, 2003; Kostelecky & Lane, 1999) summarized in 
Table P41 of the Data Tables. 

Several coefficients are bounded multiple times in Table 1. In 
Table 2, we extract the tightest bound on each tilde coefficient that 
arises from this work. Two of the bounds, on ~c_ and ~cz , are the 
tightest known from any experiment, and therefore may replace 
the values currently listed in Table S2 of the Data Tables.
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Standard-
Model Exten-

sion Tilde 
Coefficient

Maximum 
Sensitivity

System Reference

~c_ 2 x 10-21 GeV Trapped Ca 
ions

(Pruttivarasin, et 
al., 2015)

~cX 1 x 10-21 GeV Trapped Ca 
ions

(Pruttivarasin, et 
al., 2015)

~cY 1 x 10-21 GeV Trapped Ca 
ions

(Pruttivarasin, et 
al., 2015)

~cZ 2 x 10-21 GeV Trapped Ca 
ions

(Pruttivarasin, et 
al., 2015)

~cTX 1 x 10-17 GeV Dy spectros-
copy

(Hohensee, et al., 
2013)

~cTY 0.8 x 10-15 GeV Dy spectros-
copy

(Hohensee, et al., 
2013)

~cTZ 2 x 10-15 GeV Dy spectros-
copy

(Hohensee, et al., 
2013)

Table 2. Maximal sensitivities to tilde combinations of SME coeffi-
cients that result from this analysis. The entries in the first column are 
the usual tilde-c combinations. Note that some of these sensitivities will 
replace values in Table S2 of the Data Tables (Kostelecky and Russell, 
2011). 
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